In this paper, we study the differentiability of solutions of stochastic differential equations driven by the G-Brownian motion with respect to the initial data and the parameter. In addition, the stability of solutions of stochastic differential equations driven by the G-Brownian motion is obtained.
Introduction
Motivated by statistic model uncertainty, risk measures, superhedging in finance and g-expectation, Peng (see [7] , [9] , [10] , [12] and [13] ) has introduced a new type of nonlinear expectation-G-expectation. Together with the notion of the G-expectation Peng introduced the related G-normal distribution and the G-Brownian motion and established an Itô calculus for the GBrownian motion.
In the framework of G-expectations, the G-Brownian motion has been defined and many interesting facts that rather different from classical case have been studied. The G-Brownian motion has a very rich and interesting new structure which non-trivially generalizes the classical one. A very interesting new phenomenon of the G-Brownian motion B is that its quadratic process B is a stochastic process and has independent and stationary increments which are identically distributed. Also, the law of large numbers and central limit theorem under nonlinear expectations were obtained by Peng (see [8] , [11] and [14] ).
Peng (see [7] , [9] , [10] , [13] ) derived the existence and uniqueness of the solution to stochastic differential equations with Lipschitz coefficients on the coefficients driven by the G-Brownian motion. Recently, Gao [4] studied pathwise properties and homeomorphic flows for stochastic differential equations driven by the G-Brownian motion. Lin [6] obtained the continuity of stochastic integrals with respect to the G-Brownian motion and solutions of stochastic differential equations depending on parameters driven by the G-Brownian motion. Bai and Lin [1] obtained the existence and uniqueness of solutions to stochastic differential equations driven by the GBrownian Motion with integral-Lipschitz coefficients.
The purposes of this paper is to investigate the differentiability of solutions of stochastic differential equations driven by the G-Brownian motion with respect to the initial data and the Here G = G σ,σ is the following sublinear function parameterized by σ and σ:
(Recall that α + = max{0, α} and α − = −min{0, α}).
For simplicity, we suppose that σ = 1 and σ = σ, 0 ≤ σ ≤ 1, in what follows. Throughout this paper, we let Ω = C 0 (R + ) be the space of all real valued continuous functions (ω t ) t∈R + with ω 0 = 0, equipped with the distance
For each T > 0, we consider the following space of random variables:
We notice that X, Y ∈ L 0 ip (F t ) implies X · Y ∈ L 0 ip (F t ) and |X| ∈ L 0 ip (F t ). We further define
We will work on the canonical space Ω and set B t (ω) = ω t , t ∈ [0, ∞), for ω ∈ Ω. We now introduce a sublinear expectationÊ defined on H 0 T = L 0 ip (F T ) as well as on H 0 = L 0 ip (F). For this, we consider the function G(a) = 1 2 (a + − σ 2 a − ), a ∈ R (with σ 2 = 1, σ 2 = σ 2 ∈ [0, 1]), and we apply the following procedure: for each X ∈ H 0 with X = ϕ(B t 1 − B t 0 , B t 2 − B t 1 , · · · , B tm − B t m−1 ) for some m ≥ 1, ϕ ∈ C l,lip (R m ) and 0 = t 0 ≤ t 1 ≤ · · · ≤ t m < ∞, we set E[ϕ(B t 1 − B t 0 , B t 2 − B t 1 , · · · , B tm − B t m−1 )] 
For p ≥ 1 and arbitrary but fixed 0 < T < ∞, we first consider the following space of step processes:
and we define the following norm in M p,0 G (0, T ):
Definition 2.7 A process B = {B t , t ≥ 0} in a sublinear expectation space (Ω, H,Ê) is called a G-Brownian motion if for each n ∈ N and 0 ≤ t 1 ≤ · · · ≤ t n < ∞, B t 1 , · · · , B tn ∈ H and the following property satisfied:
Remark 2.8 The canonical process (B t ) t≥0 in (Ω, H), Ω = C 0 (R + ), endowed with the GexpectationÊ is a G-Brownian motion.
Remark 2.9 In [7] , [9] , [10] and [13] , Peng established a stochastic calculus of Itô's type with respect to the G-Brownian motion and its quadratic variation process. Peng derived an Itô's formula and moreover, he obtained the existence and uniqueness of the solution to stochastic differential equations with Lipschitz coeffcients driven by the G-Brownian motion.
In order to simplify notations, we will only consider one dimensional stochastic differential equations driven by the G-Brownian motion. Multidimensional stochastic differential equations driven by the G-Brownian motion can be studied in the similar way.
In what follows, we let T be an arbitrarily fixed time horizon and {B t , 0 ≤ t ≤ T } a one dimensional G-Brownian motion, and we consider the following stochastic differential equation:
where the initial condition x ∈ R is given and
Let us make the following assumption:
(H) There exists a positive constant L such that, for all x, x ′ ∈ R, t ∈ [0, T ],
Lemma 2.11 For every p ≥ 2, there exists a positive constant C p such that, for any T > 0 and
3 Differentiability of solutions of SDEs driven by the G-Brownian motion with respect to the initial data
The objective of this section is to study the differentiability of solutions of stochastic differential equations driven by the G-Brownian motion with respect to the initial data. We first give a definition of continuity and differentiability as follows:
then we define the partial derivative of g(x 1 , · · · , x n ) with respect to x i as f (x 1 , · · · , x n ). We write
We also need the following propositions. 
Here the constant C = C(p, x, r).
Proof:
We give the proof in three steps.
Step 1. For p ≥ 2, by equation(2.1) we have
From the subadditivity of the G-expectation it follows that
Thus, from (H), Lemma 2.11 it follows that
Step 2. For all 1 ≤ p < 2, from Hölder inequality under the G-expectation and Step 1 it follows thatÊ [ sup
Step 3. For all 0 < p < 1, since
then from step 2 we havê
The proof is complete. Similar to the proof of Proposition 3.3 we have the following proposition.
Proposition 3.4 Let us assume (H). Then for every p ≥ 2 there exists a positive constant
where C depends only on p, T .
We have the following differentiability result with respect to the initial data.
∂x satisfies the following stochastic differential equation
Proof: Let h = 0 be small. For simplicity, we put
Then we have
Therefore, for some k ∈ N,
For all ε > 0, from 2ab
Then by virtue of Proposition 3.3 and Proposition 3.4, we obtain
Using the similar argument we obtain that for some m ∈ N,
and for some n ∈ N,Ê
[ sup
Then (3.1), (3.3), (3.4), (3.5) and (3.6) yield
and from Gronwall's inequality it follows that
Letting h → 0, we get
Therefore,
The proof is complete.
Remark 3. 6 We can check that the following holds true, which we will use in what follows. 
where C is a constant depending on T and the Lipschitz constant of b, σ, h. Therefore, from (3.7) we haveÊ
Without loss of generality, we suppose that 0 ≤ r ≤ t ≤ T . By (3.2) we havê
Then by virtue of Lipschitz condition of b and Proposition 3.4, we obtain
where C is a constant which is independent of t, s. Using the similar argument we obtain
,
Then from the above inequalities we havê
Therefore, by (3.7) and (3.8) we havê
Theorem 3.8 Under the conditions of Theorem 3.5, and for
and are bounded, then
∂x 2 satisfies the following stochastic differential equation
where Y x t is defined in Theorem 3.5.
Proof: Let h = 0 be small. We use the same notations as Theorem 3.5. For simplicity, we also put
where
, and is bounded, we have, for some k ∈ N,
For all ε > 0, from 2ab ≤ 1 ε a 2 + εb 2 , a, b ≥ 0, it follows that,
and is bounded, we have, for some l ∈ N,
Then by means of Proposition 3.3 and Proposition 3.4, we obtain
From (3.10) and (3.11) it follows that
Using the similar argument we obtain, for some m, n ∈ N,
and for some p, q ∈ N,
Then the above inequalities yield
and Gronwall's inequality yieldŝ
By Remark 3.6 we get
Differentiability of solutions of SDEs driven by the G-Brownian motion with respect to the parameter
The aim of this section is to study the differentiability of solutions of stochastic differential equations driven by the G-Brownian motion with respect to the parameter. We consider the following stochastic differential equation depending on the parameter:
where the initial condition α → x(α) : R → R is given. Let us make the following assumptions: Proof: Let α, β ∈ R, and t ∈ [0, T ]. From the stochastic differential equation (4.1), Lemma 2.11, the subadditivity of G-expectation and (H4.1) we havê
Thanks to Gronwall's inequality we get
then we get the desired result. 
Here the constant C = C(p, r, α). 
Here C = C(p, T ).
The proofs of the above propositions are similar to the proof of Proposition 3.3. We omit it.
∂α satisfies the following stochastic differential equation
we have
and by Proposition 4.2 and Proposition 4.3 we obtain
Using the argument similar to the proof of Theorem 3.5 we get for some l ∈ N,
Consequently,Ê
By the similar argument we have for some m, n ∈ N,
Therefore, from Gronwall's inequality it follows that
where C is a constant which is independent of t, s. By the similar argument we obtain
Then the above inequalities yieldÊ
Therefore, by (4.4) and (4.5) we havê
→ 0, as t → s. The proof is complete. [ sup
For all ε > 0, from 2ab ≤ 1 ε a 2 + εb 2 , a, b ≥ 0, it follows that for some k ∈ N,
Then by virtue of Proposition 4.2 and Proposition 4.3, we obtain
On the other hand, for some l ∈ N,
Similarly, we have for some m, n ∈ N,
Thus,Ê
Due to Gronwall's inequality we get
Consequently,
The proof is complete. 
satisfies the following stochastic differential equation 6) where Y α t is defined in Theorem 4.4.
Proof: Let h = 0 be small. We use the same notations as Theorem 4.4. For simplicity, we also put
We divide the proof into several steps.
Step
Then for some k ∈ N,
Step 3: Since
then we have for some m ∈ N,
Using again Proposition 4.2 and Proposition 4.3, we obtain
Step 4: Since
then we have for some n ∈ N,
Step 5: Since
then we have for some k ∈ N,
From step 1-step 5 it follows that
Using the similar argument we obtain that for some
and for some k 2 , l 2 , m 2 , n 2 ∈ N, The proof is complete.
Stability of stochastic differential equations driven by the G-Brownian motion
In this section, we study the stability of stochastic differential equations driven by the GBrownian motion We consider the following stochastic differential equations: where the initial condition X n 0 , X 0 ∈ R is given.
Theorem 5.1 Let X n , X be the solutions of equations (5.1) and (5.2), respectively, and b n , σ n , h n be Lipschitz with the constant K with respect to x. → 0, n → ∞.
then Theorem 5.1 holds true.
By virtue of the following Lemma which was established in [2] , the proof is similar to the proof of Theorem 5.1. We omit it. 
